Geometry of vector bundle extensions and 
applications to the generalised theta divisor 



George H. Hitching 
February 2, 2008 

Abstract 

Let E and F be vector bundles over a smooth curve X, and suppose 
that 0— > E — > W — > F — > is a nontrivial extension. Consider 
a vector bundle map 7: G — ► F which is generically injective. We 
give a criterion for 7 to factorise via W, in terms of the geometry of 
a projective bundle in the extension space ¥H 1 (X, Hom(i ? , E)). We 
use this to describe the tangent cone to the generalised theta divisor 
on the moduli space of semistable bundles of rank r and slope g — 1 
over X, at a stable point. This gives a generalisation of of the 

Riemann-Kempf singularity theorem for line bundles over X. In the 
same vein, we give a generalisation of the geometric Riemann-Roch 
theorem to vector bundles of arbitrary rank. 

1 Introduction 

Let X be a complex projective smooth curve of genus g > 2 and let E 
and F be vector bundles over X. It is well known that isomorphism 
classes of extensions 

-» E -» F ^0 (1) 

are parametrised by the cohomology group H 1 ^, Hom(F, E)), the 
zero element corresponding to the trivial extension F E. These 
spaces have been much investigated and used in many contexts. They 
can be used to cover moduli spaces of such bundles (see Narasimhan- 
Ramanan [18], also [7]), giving a useful tool for the analysis thereof 
(see for example Pauly [20]). Moreover, they occur naturally as tan- 
gent spaces at smooth points of these moduli spaces, and we will say 
more about this later. And they have been used in coding theory by 
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Johnsen [8], Coles [2] and others. 

The central point of the present paper is the following. Let W be 
a nontrivial extension of F by E and suppose 7: G — > F is a vector 
bundle map (not necessarily of constant rank). It is often of interest 
to know when 7 f actor ises via a map G — > W . For this, one has the 
following result of Narasimhan and Ramanan: 

Criterion 1 Let W be an extension of F by E, and let 7 : G — > F be 
a vector bundle map. Then 7 factorises via a map G — > W if and only 
if the class 5{W) of the extension belongs to the kernel of the map 

7*: F 1 (X,Hom(F, J B)) -» H 1 (X,Rom(G,E)). 

induced by 7. 
Proof 

Narasimhan-Ramanan [16], section 3. 

Since nontrivial extensions with proportional extension classes are 
isomorphic as vector bundles, we lose little by working with the pro- 
jective spac60 FH 1 (X, Hom(F, E)) (to avoid trivial cases, we suppose 
/t 1 (X,Hom(F,^)) > 1). We restrict to the case where 7 corresponds 
to an injection of sheaves, that is, a vector bundle map which is injec- 
tive at most or all points of the curve. 

When E and F are line bundles, then in particular G is of the form 
F(—D) for some divisor D on X. In this case, Lange and Narasimhan 
in [12] found a geometric interpretation of the lifting of 7 : G — > F to 
an extension W of type (pQ), in terms of secants to the natural image 
of the curve in \Kx <8> F ® E~ l \* . We would like to find an analogous 
interpretation of this lifting when E, F and G may have higher rank. 

Here is a summary of the paper. In £[2j we consider an arbitrary 
vector bundle V — > X. We describe a map ip: W --■> FH 1 (X, V) and 
give conditions for it to be an embedding (Corollary [3|). We discuss 
osculating spaces of the image, and some of their degenerations. 

In f|3l we give a geometric criterion (Theorem U|) for the lifting 
of a sheaf injection 7: G — > F to an extension W of type ([T]). This 
is given in terms of the image of the above-mentioned map ip when 
V = Hom(F, E). 

In §H we recall the connection of these extensions with principal 
parts. This allows us to interpret the failure of tp to be an embedding 
in terms of the behaviour of the extensions. 

If A is a vector space, we denote PA the space of lines through the origin in A. 
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In Sj5l we apply the criterion of to the study of generalised theta 
divisors. We consider the moduli space U(r,r(g — 1)) of semistable 
bundles of rank r > 1 slope g — 1 over X. This has a natural divi- 
sor A whose support consists of bundles with sections. At a smooth 
(equivalently, stable) point E of U(r,r(g — 1)), the tangent space is 
naturally isomorphic to H l (X, End(-E)), which is none other than the 
space of extensions 0^E^>K^E — s-0. We use Theorem 0] to give 
a description of the projectivised tangent cone to A at E (Theorem 
[I~4"l) , which generalises a case of the Riemann-Kempf singularity theo- 
rem (see Griffiths-Harris [3], chapter 2). We use several results from 
Laszlo [14]. 

From Theorem U] we also deduce a generalisation of the geometric 
Riemann-Roch theorem (Theorem [15]), relating the number of sections 
of a vector bundle E of rank r and slope g — 1 to the codimension of 
the linear span of a certain variety in projective space. This result 
holds even if E is not semistable. 
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2 Projective bundles over the curve 

Let V —> X be a vector bundle of rank r > 1. We describe a ratio- 
nal map of the projective bundle FV — > X into the projective space 
¥H 1 (X, V). This generalises an approach from Kempf-Schreyer [11], 
section 1, also used in [7]. 

Notation: We write Ox and Kx for the trivial and canonical line 
bundles over X, respectively. The sheaf of sections of a vector bundle 
E, F, Ox, Kx etc. will be denoted by the corresponding script letter 
£, J 7 , Ox, K-x etc. If A is a vector space and v 6 A a nonzero vec- 
tor, we write (v) for the point of PA defined by v. We also use this 
notation for points of projectivised vector bundles. 
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2.1 Definition of the map 

A vector bundle V — > X gives rise to an exact sequence 

-> V -> Rat(V) -» Prin(y) -» 

of Ox- m odules, where Rat (TO is the sheaf of rational sections of V 
and Prin(V') that of principal parts with values in V. We denote their 
groups of global sections by Rat(V) and Prin(V) respectively. Now 
Rat (TO and Prin(y) are flasque, so we have the cohomology sequence 

-» H°(X, V) -» Rat(V) -» Prin(V) -» ff^X, TO -► 0. (2) 

We denote s the principal part of s G Rat (TO, and we write [p] for the 
class in H 1 (X, V) of p E Prin(T0 . 

For a divisor D on X, we write V(.D) for the bundle V ® Ox(D). 
Let re be a point of X. We consider the exact sheaf sequence 

whose cohomology sequence is 

-» ff°(X, TO -» ff°(X, -» FOzOU 

^tf^TO -^(X,^)) ->0. (3) 

Note that V{x)\ x can be identified with the set of T^-valued principal 
parts supported at x with at most a simple pole. The projectivised 
coboundary map of (|3|) gives rise to a linear map ip x : F(V\ X ) — » 
Pif^F). We define a map ^: FV --■ > Pfl" 1 (X,V) by taking the 
product of the ^ over all x € X. 

Now recall that by Serre duality, we have an isomorphism 

H l {X,V) ^ H°{X,K X ®V*)*. 

This can be realised explicitly as follows. Let p 6 Prin(V) be a princi- 
pal part with values in V, and [p] its cohomology class; by every 
element of H 1 (X, V) is of this form. Then for any s G H°(X, Kx<S)V*), 
the contraction p(s) is a .?Of -valued principal part whose cohomology 
class [p(s)] belongs to H l (X,Kx) = C. The association 

fe>] ~ (* ~ (4) 

defines the required map H (X, V) — > H (X, i^x <8> V*)*; it is easy to 
check that this depends only on the cohomology class \p\. 
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Now write it: FV — > X for the projection. By the projection 
formula and the definition of direct image, we have an identification 

H°(X, K x <8> V*) ^ H°(FV, tt*K x ® Opy(l)). 

Henceforth we write T for the line bundle ir*Kx <8> Opy(l). 

We will need to be able to pass explicitly between sections of T —* 
FV and those of Kx <8> V'* — > X. Since ifjf and V are locally trivial 
over X, the bundle is locally a product of an open set (JCI with 
a projective space P r_1 . Let z be a local analytic coordinate on f7. A 
section of T over Py|;y = U x p r_1 is then of the form 

TT*dz ® (p*F + 7T*Z • + ^*z 2 • p*F 2 + • • ■ ) (5) 

where p: U x p r_1 — » p 1 "- 1 j s th e projection, and are linear forms on 
P r_1 . In what follows, we will drop the ir* and p*. This clearly gives 
a section of i^x <8> V* over C7. In a similar way, a section of Kx ® V* 
over U can be interpreted as a section of T over PV|[/- 

Proposition 2 Under the above identifications, ifi coincides with the 
standard map (f)y : P^ — » |T|*. 

Proof 

Choose a: € X and let U be a neighbourhood of x with local coordinate 
z. Let v G V|j; be nonzero. We show that any section s of T vanishing 
at (v) € FV\ X belongs to the kernel of the linear form defined as above 
on H°(FV, T) by the cohomology class of the principal part 

v 

p := -, 

z 

which lies over ip{v). 

We have seen that on PV|i/, the section s is of the form ©. Since 
s(v) = 0, the linear form Fq vanishes on the element v £ V\ x . Since 
p is supported only at x and has only a simple pole, the contraction 
p(s) E Prin(Kx) is regular. In particular, the cohomology class \p(s)] 
is zero. 

Conversely, let t be a global section of T not vanishing at (v). Then 
the contraction p(t) is a Kx-valued principal part supported at x with 
a simple pole. It is not hard to check that no global rational section 
of Kx has such a principal part, so the class \p(t)] S H l (X,Kx) is 
nonzero. 

This shows that Ker[p] is exactly the set of sections of T vanishing 
at (v). The lemma follows. □ 

Corollary 3 Recall r = rk(V). The map ip has the following prop- 
erties: 
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(i) ip is linear on each fibre ofWV. 

(ii) ip is defined everywhere if and only if for all x € X, we have 

h°(X,K x (-x)®V*) =h°(X,K x ®V*)-r. 

(Hi) ip is injective if and only if for all distinct x,y £ X, we have 

h°(X, K x {-x-y)®V*) = h°(X, K X ®V*)- 2r. 

(iv) The differential of ip is everywhere injective if and only if for all 
x G X , we have 

h°{X,K x (-2x)®V*) = h°{X,K x ®V*) - 2r. 

Proof 

(i) and (ii) follow from the sequence ([3j) and Serre duality. Point (ii) 
is also equivalent to ip being injective on each fibre. For (iii), consider 
the following exact sequence: 

-> H°(X, V) -» H°(X, V(x + y)) -> V(x)\ x © V(y)\ y 

-» H\X, V) -> H\X, V(x + y)) -» 0. 

Clearly, ^ is injective if and only if for each pair x, y, the coboundary 
map in this sequence is injective, which is equivalent to 

h l {X,V) =h 1 {X,V{x + y))-2r. 

By Serre duality, this is equivalent to the required condition. 
Now for (iv). Abusing notation slightly, we write 

fl°(PV,T-Jfc(ui)) 

for the space of global sections of T which vanish to order at least 
k at (vx). Let z be a local coordinate on X at x. Complete v% to a 
basis v\, . . . , v r of V\ x and let v J, . . . , v* be the dual basis of V*\ x . As 
above, near (v\) a section s of T is of the form 

dz ® [F + zF x + z 2 F 2 + ■■■) 

where each F^ is a linear combination of the v* . The section s vanishes 
at (v\) if and only if the coefficient of v\ is zero in Fq, and ip fails to 
separate tangent vectors at (vi) if and only if some nonzero tangent 
vector defines the zero linear form on H (PV, T). This is the case if 
and only if there is a relation on the coefficients of the v* and that of 
zv* as s runs through the space of global sections of T vanishing at 
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(vi). It is not hard to check that this is equivalent to the linear forms 
on the space H°(FV, T) = H°(X, K X ®V*) defined by the principal 
parts 

Vi v r Vi 

— , . . . , — and 

z z z z 

being dependent. Thus, in the cohomology sequence 

- H°(X,V) -» H°(X,V(2x)) - V{2x)\ 2x 

-» H^X, V) -» H X (X, V{2x)) -> 

the coboundary map is not injective. But this is the case if and only 
if V(2x)) > h (X,V) — 2r. Again by Serre duality, we obtain 

the required condition. □ 

Remark: Let L — > X be a line bundle. If we identify X with 
¥KxL then ifi coincides with the standard map 4>l: X — * \L\*. 
Then Corollary [3] gives a direct generalisation of the fact that ^ is a 
morphism if and only if h°(X, L{— x)) = h°(X,L) — 1 for all x G X, 
and an embedding if and only if h (X, L(—x — y)) = h (X, L) — 2 for 
all x, y € X. 

2.2 Osculating spaces 

References for this subject include Piene [22], Piene-Tai [23] and 
Lanteri-Mallavibarrena-Piene [13] . 

Let Y be a smooth projective variety and L — > Y a very ample 
line bundle. We denote 4>: Y <^-> |L|* the standard map to projective 
space defined by L. 

For y G y and fc > 0, the fcth osculating space to V at y is de- 
fined as the projective subspace of \L\* spanned by the linear forms on 
H°(Y, L)* defined by differential operators of order up to k at y. We 
denote it Osc fc (Y,y). For large k, it will be equal to all of \L\* since 
the image of (j) is nondegenerate in \L\*. 

We now recall another description of Osc k (Y, y). Consider the 
product Y xY with projection 7Tj : Y x Y — > Y to the ith factor. Let 
I be the ideal of the diagonal A in OyxY- We have a short exact 
sequence 

_> Z k+1 -» e>y xY -» C Afc -> 

where the quotient is the structure sheaf of the A;th infinitesimal neigh- 
bourhood of A. If 8 is a locally free sheaf on Y, the sheaf 

V${E) := (tti)* (tt|£ ® Afc ) 
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is called the sheaf of principal parts of order k of E. 

Note: There is an ambiguity in terminology here. The sheaves 

Prinfff) = Rat (E)/S and Vy{£) 

are different objects (in a sense mutually dual). During this section, 
the term "principal part" will be used for the latter sheaf as we derive 
the alternative description of the osculating spaces to Y. Thereafter 
we will only use it in connection with the former. 

For any y € Y, there is a map a : H°(Y,L) -> Vy{V) v which 
truncates a global section of L after order k. By choosing a system of 
local coordinates near y, we see that the kernel of this map consists 
of global sections of L which vanish to order at least k at y. Abusing 
notation as before, we denote this subspace H°(Y, L — ky). 

Now Osc fc (F, y) coincides with the projectivised image of the dual 
map (a k )*: V^{L)* y -> H°(Y,L)*. Therefore, we have 

Osc k {Y, y) = PKer (H°(Y, L)* -» H°(Y, L - ky)*) . (6) 
The case where is not an embedding 

In the situation we will encounter later, <p may not be an embedding at 
all y. We therefore wish to understand more generally the subspaces 
of \L\* defined by differential operators of order up to k. For this we 
will use ([6]). We mention some possibilities: 

• cj) might be generically an embedding but identify finitely many 
pairs of points. So suppose (f>(yi) = <fi{y2) ='■ P for distinct 2/1,2/2 £ Y . 
Then we have H°(Y,L — y\) = H°(Y,L — j/2). We choose analytic 
branches Bi of Y around yi, upon each of which <f> restricts to an 
embedding. Then, for each i, 

PKer (H°(Y, L)* -> H°(Y, L - k Vi )*) 

is the fcth osculating space to the image of the branch Bi at p. Note 
that H°(Y, L — kyi) and H°(Y, L — ky-i) will in general be different if 
k > 2. 

• A limiting case of this is that the differential of <j) may fail to be 
injective at some y EY. This means that 

PKer (H°(Y, L)* H°(Y, L — 2y)*) 
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is of smaller dimension than expected. This makes sense from a ge- 
ometric point of view because if the image of <\> is singular at 4>{y), 
then any linear space passing through this point has contact of order 
at least 2 with <j>(Y). Thus 4>(y) might be (trivially) regarded as a 
point of hyperosculation. 

• Another possibility is that (f> might be a finite cover of a subvari- 
ety of |L|*. Let p be a smooth point of (j>(Y) which is not a ramifica- 
tion point, and choose an analytic branch Bi of Y around each of the 
preimages y±,. . .yd of p. The kernel of H°(Y, L)* — > H°(Y, L — kyi)* 
is spanned by the differential operators of order up to k at yj. 

Claim: For all k > 1 and for all i and j, we have 

H°(Y,L-ky i ) = H°(Y,L-ky j ). 

For, let s be a section of L vanishing to order k at yj. Then the divisor 
(s) has multiplicity k at y^. On Sj, this divisor is the pullback of a 
hyperplane in \L\* to .Bj. But is a covering space near p. Therefore 
(possibly after shrinking the Bi), for each j there is an isomorphism 
Bi — ► Bj which carries (s|sj into (sls^), and to y^-. Thus (s) has 
the same multiplicity at each of the yj. 

This shows that PKer (H°(Y, L)* -> H°(Y, L - kyi)*) is indepen- 
dent of i, so it is the kth osculating space to the common image of all 
the branches Bi at p. 

• Finally, suppose <j> is not defined at y. This means that every 
global section of L vanishes at y, so the linear functional on H°(Y, L) 
defined by evaluation at y is zero. 

Blowing up Y at y has the effect of replacing y by the projectivised 
tangent space of Y at y, whose elements are first-order derivations at 
y, up to scalar multiple. If <j> can be resolved by a single blowup, then 
all these derivations define nonzero linear functionals on H°(Y, L) and, 
almost by definition, the image of the exceptional divisor belongs to 
the "embedded tangent space" 

PKer (H°(Y, L)* -» H°(Y, L — 2y)*) . 

On the other hand, if further blowings up are required (for exam- 
ple, if every divisor in \L\ not only passes through y but has the same 
tangent space at y) then the images of these will belong to the "higher 
osculating spaces" PKer (H°(Y, L)* -» H°(Y, L — ky)*) for higher val- 
ues of k. 
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3 Liftings and geometry 



We now turn our attention back to extensions of vector bundles over 
the curve X. 

3.1 Subsheaves of T 

Let 7: G — > F be a vector bundle map which is a sheaf injection. 
Then 7 factorises as G —> G — > F where G is the vector subbundle of 
F generated by Q, so G is an elementary transformation 

o^g ^g^T^O 

for some skyscraper sheaf T on X. We now define some subvarieties 
of PHom(F, F). Write 7 for the vector bundle injection G — > F. The 
restriction map 7* : Hom(F, F) — > Hom(G, F) has constant rank, so 
its kernel is a vector subbundle K(j) of Hom(F, F). This defines a 
projective subbundle of PHom(F, F), which is empty if and only if 
G = F, that is, G is an elementary transformation of F. 

Next, at all points of X apart from the finite set Supp(T), the 
sheaves g and g coincide. Let x±, . . . , xt be the distinct points of the 
support of T. At each Xi, we have a filtration 

OCMf'cMfc-cMgcGl,, 

of G| a ; i and a sequence of nonnegative integers . . . , /c^; with the 
following property: 

— (i) 

g is the subsheaf of sections of G with values to order at least k - 

(i) (i) 

in the subspace M- , for each j = 1, . . . , rrii, and the kj are maximal 
with respect to this property. 

Precisely, let z be a local coordinate centred at Xj. Then if 

9 = 9o + zgi + z 2 g 2 H 

is a section of G near £j, then g £ g if and only if 

9o,---,9 k d) G M) W > 

K (m i -l) +i *™i 



10 



and thereafter the coefficients of g belong simply to G\ Xi . 

The spaces in turn determine a filtration of the fibre of Hom(F, E) 
at Xi as follows. Define 

Nf := Ker ^Hom(F, E)\ Xi Hom(M J W , E\ x .j) ■ 

Then we have a filtration 

Hom( J F, E)\ Xi D D N® D ■ ■ ■ D N. g D 

of the fibre of Hom(F, E) at each of the Xj. 

Examples 

A convenient way to define elementary transformations is to use prin- 
cipal parts with values in G . For example, let x\ and X2 be distinct 
points of X with local coordinates z\ and Z2 respectively. Choose 
linear forms / and g on the fibres G\ Xl and G\ X2 . Then: 

1. The kernel of the Ox-module map Q — ► Prin (Oy) defined by 

_J_ . 9 

1.(1) + 1.(2) 

— (i) 

is the subsheaf of sections of Q with values to order at least kg 
in the subspaces = Ker(/) and = Ker(^). 

2. Suppose rk(G) > 2 and let / and g be linearly independent in 
G\ X1 . The kernel of 

is the subsheaf of sections with values in the codimension 2 sub- 
space 

Ker(/) n Kei(g) = M (1) 

to order at least 0, and furthermore in the hyperplane Ker(/) = 
to order at least k. 

3.2 More on osculating spaces 

Now we return to the geometry of projective bundles. Suppose V — > X 
is a vector bundle such that the map ip: FV |T|* is an embedding. 
Let (v) be a point of PV and z an analytic coordinate on X centred 
at tt(v) =: x. For any m > 1, let Diff fe (PF, (v)) denote the vector 
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space of differential operators on PV at (v) of degree at most k (with 
constant coefficients). Now we notice that the image of this space in 
H°(FV, T)* is spanned by operators of the following two types: 

Qm—l Qm 

D— and — — , m = 1, . . . k (7) 

dz m - x dz m y J 

where D is a tangent vector to the fibre PVj^. This is because sec- 
tions of T are linear in all coordinates at (v) except z. See Lanteri- 
Mallavibarrena-Piene [13] for more information on this situation. 

Next, recall that the vertical tangent bundle T^yjx of PV over X 
is the kernel of dir : Tpy — ► Tx ■ In a similar way, for any k > 1 there 
is a surjective map Diff fc (PV, (v)) — > DiS k (X, x) defined in the same 
way as dir/ v ) • We denote its kernel Diff k (PV/ X, (v) ) . By analogy with 
the k = 1 case, we have: 

Definition: The image of Diff fc (PV/ X, (v }) in |T|* will be called 
the kth vertical osculating space to FV at (v). We will denote it 
Osc k {FV/X, («)). 

We define some further subspaces of Diff k (PV, (v)): 

Definition: Let A be a a nonzero linear subspace of V\ x contain- 
ing v. We will say that a differential operator of order at most k is of 
type (*) with respect to PA if its image in Diff fc (X, x) is contained in 
the subspace Diff fc_1 (X, x), and if all the D in its expression in terms 
of the spanning set (J7|) belong to Tp A |{t,) Q Tpv\J(v) = T fv/x\(v)- 

Example: Suppose V —* X is a line bundle, so that FV = X. Since 
here there is no vertical tangent space to PV, for any x G X the sub- 
space of Osc k (X, x) defined by the operators of type (*) with respect 
to PA = x is simply Osc fc_1 (X, x). 

3.3 Liftings and geometry 

Now we come to the main result of this section, which generalises an 
idea in Lange-Narasimhan [12], Prop. 1.1. As before, for a vector 
bundle V — * X, write T for the line bundle ir*Kx <8> Opy(l) over PV. 
Let E and F be vector bundles over X. 

For the moment, we will assume that E and F are such that the map 
iJj: PHom(F,£) — Pff 1 (X, Hom(F, E)) = \T\* 
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defined in §H is an embedding^. For example, this is satisfied if E and 
F are stable and fJ>(F) > (J,(E) + 2. 

Now let 7: G — > F be a generically injective vector bundle map. 
We will write Nfa) for the union of the following subvarieties of 
FH l (X, Rom(F,E)): 

• The image by tp of the projective subbundle 

FK{y) = PKer (7* : Hom(L, E) -» Hom(G, E)) 
of PHom(L,L). 

• The union over all i = 1, . . . , t, all j = 1, . . . , mi and all points 
(4>) G PJV- of the subspaces of 

Osc fc J W+1 (PHom(F, £), (0)) 

defined by the operators of order up to kj + 1 of type (★) with 
respect to PJVj l) . 

Theorem 4 (Geometric criterion for lifting) Let E, F, G and 7 be 
as above, and let W be a nontrivial extension of F by E. Then 7 fac- 
torises via W if and only if the class (5(W)) belongs to the projective 
linear span of the locus N(*y) in PH 1 (X, Hom(i ? , E)). 



Before getting into the details, we give the main idea of the proof. 
Suppose Y is a smooth variety and Z a closed subvariety of Y. Let 
L — > Y be a line bundle with at least one section. Denote H (Y, L — Z) 
the subspace of global sections of L which vanish along Z (that is, 
sections defining hyperplanes in \L\* which contain <Pl(Z)). There is 
a natural exact sequence 



We consider also the standard map <j><n z y. Z — * |(L|^)|*, which is 
related to (4>l)\z as follows. Write II for the image of q in H°(Z, L\z)- 



Proof 



-» H°(Y, L-Z)^ H°(Y, L) ^ H°(Z, L\ z ) 





U\z)\* 



{4>l)\z 



Y 



PIT 



LI*. 



2 In section HJ we will discuss what happens more generally. 
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Moreover, the image of Z in PIT* is nondegenerate since that of 4>{l\ z ) 
is. From this we see that the projectivised kernel of 

H°(Y, L)* -> H°(Y, L - Z)* (8) 

is exactly the linear span of <Pl(Z) in \L\*. 

By Crit. [TJ we need to show that the linear span of N(^y) is equal 
to the projectivised kernel of the cohomology map 

7*: i7 1 (X,Hom(F, J B)) -> H\X, Hom(G, E)). 

Our strategy will be to identify 7* with a map similar to |5P and argue 
as above. 

We now study the connection between sections of Kx ® V* —* X 
and those of T — > FV in some more detail. Let V be any vector bundle 
and suppose A is a linear subspace of some fibre V\ x of V. We write 

for the kernel of the restriction map V*\ x — > A*, that is, the space 
of forms vanishing on A. 

Lemma 5 Let V , x and A be as above, and suppose k > 0. Under our 
identification H°(X, K X ®V*)^ H°(¥V, T), sections ofK x ® V* -> 
X with values to order at least k in Kx \ x ® ^ a t x correspond exactly 
to sections of T — > FV which vanish on FA and are annihilated by 
operators of type (*) of order at most k + 1 with respect to PA at all 
points of FA. 

Proof 

Near x, a section s of T can be given in the form 

dz (g> (f q + zF x + • • • + z k F k + z k+1 F k+1 ■ ■ ■ ) 

where each Fi is an element of V*\ x . Suppose F{ belongs to A 1 - for 
each i = 0, . . . , k. (Note that this condition is independent of the 
choice of uniformiser z.) To begin with, s vanishes at (v) for all v G A 
since Fo £ A- 1 . Suppose m > 1. We evaluate each of the operators in 
(J7|) on s. For convenience, we omit the ll dz®" from the expression for 
s. Firstly, 

D 7^i( s ) =D({m-l)\- F m _! + multiple of z) . 

A/(v), which is the kernel of 

V 
~~ A' 



By hypothesis, D belongs to Tpa|(„) = 
the natural map 

V V/(v) 
M^A/h) 
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Since F m ^\ vanishes on A, for each (v) G PA it defines a class in 
(^j) > an< i this belongs to the subspace 

(vy_(v/(v)Y r-fvy 

\Aj \A/(v)J ~ \(v)J ' 

Therefore, D{F m -\) = and the operators -D ^ m _i vanish on s for all 
(v) G PA and m — 1 = 0, ... k, that is, m = 1, . . . k + 1. For the rest, 
we have 

— -( s ) = m! • F m + multiple of z. 

Since F m G A -1 - for each to = 0, . . . , k, this is zero for all (v) G PA. 
This proves one direction. 

Conversely, suppose s vanishes on PA and is annihilated by all 
differential operators of degree at most k + 1 of type (*) with respect 
to PA at all points of PA. Clearly the first condition implies that 
Fq G A- 1 . Consider next the quantity 

Qm 

-q-^(s) = ml ■ F m + multiple of z. 

By hypothesis, this vanishes at all points of PA for m = 1, . . . , k. 
This implies F m restricts to zero on the line (v) for all {v) G PA, so 
F m G A^ for m = 1, . . . , k, as required. □ 

Remark: As a special case of Lemma \5\ we note that sections of 
T vanishing along PA correspond to sections of Kx <8> V* which take 
values (to order zero) in Kx\ x <8> A -1 at x. In this case the subspace of 
Diff 1 (Pl/, (v)) of operators of order at most k + 1 = 1 of type (*) with 
respect to PA is just 

TpA j ( v ) Q Tp V / X I , 

and it is easy to check that if s vanishes along PA then these operators 
annihilate s at all (v) G PA. 

Now let V = Hom(i ? , E), and identify Hom(E, F) with the dual of 
Hom(F, E) by means of the natural bilinear pairing given by sending 
a pair of maps (<r, </>) G Hom(.E, F) x Hom(i ? , E) to tr(<7 o 0). 

Corollary 6 Let M be a subspace of F\ x for some x G X , and let N 
be the kernel of the induced map Hom(F, E)\ x — > Hom(M, E\ x ). Then 
sections of T — > PHom(i ? , E) which vanish on PA r and are annihilated 
by operators of order at most k + 1 of type (*) with respect to FN at 
all points of FN correspond to sections of Kx <X> F ® E* which take 
values to order at least k in Kx\ x <8> M <8> E*\ x at x. 
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Proof 

By LemmaEl we just need to show that under the trace pairing above, 
the orthogonal complement N 1 - is exactly M ® E*\ x . Write rp and 
rp for the ranks of E and F respectively, and suppose dimM = d < 
rp. We choose a local basis {/i, . . . , f rp } for F near x, whose first 
d elements form a basis for M at x . We then choose a local basis 
{ei, . . . e rE } for E near x. Let {/*} and {e*} be the dual local bases 
of F* and F* . A basis of A" is given by 

{/m ® e n : m = d + 1, . . . , r F , n = 1, . . . , r^}. 

An element g of Hom(F, F)\ x , in these coordinates, has the form 

r E r F 

i=i j=i 

where g^j € C. The trace form is given on basis elements by 

tr ((e* <g> fj) o (/^ g e n )) = 5j^ m 5^ n 

where <5. . is the Kronecker delta. Evaluating g on the basis element 
fm ® e « °f Hom(F, F), we see that 

tr (9 ° (/m ® e n )) = ^ 9i,j^j,mSi, n = 9n,m 
i=l j=l 

whence g, viewed as a linear form on Hom(F, F)!^, vanishes on A" 
if and only if <?jj = whenever j > d + 1. This is equivalent to 
the image of g: E — ► F belonging to Span{/i, . . . , /^} = M, that is, 

The last technical tool is a result from linear algebra: 

Proposition 7 Let N be a finite-dimensional vector space and let 
{N\ : A G 1} be a collection of subspaces of N indexed by a set I. 
Write Nq for the intersection of all the N\. Then the kernel of the 
restriction map N* — ► Nq coincides with the linear span of the kernels 
of the restriction maps N* — > Nt for all A € I. 

Proof 

Firstly, for each A, notice that Ker (A^* — » TV?) is simply A^. Dual- 
ising the exact sequence — > —* AT* — * —> 0, we see that 

Ker ^A^ — ► coincides with N\ under the canonical identifica- 

tion N = (N*)*. We write 

S := Span (^[j N^j C AT*. 
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Now let v G AT. Viewing v as a linear form on N* , we see that 

v vanishes on S v vanishes on Nj- for all A 

<=> v belongs to Ker (N — > A 7 ^) for all A 

v G A 7 ^ for all A, by the first paragraph 
<<=> v G iV - 

Thus the subspace of A" on which all forms in 5 vanish is precisely No , 
so we have a short exact sequence — * Nq — > A?" — ► S* —* 0. Therefore 
S 1 is precisely the kernel of the restriction map A"* — ► Nfi. □ 

Now we can prove the theorem. As we said before, by Crit. [TJ we 
need to show that the linear span of AT (7) is equal to 

PKer (7*: H 1 (X,Ham(F,E)) H 1 ^, Hom(G, E))) ; 

equivalently, by Serre duality, 

PKer (7* : H°(X, K x ® F ® £*)* -> K x ®G® E*)*) . 

For each i G {1, and j G {l,...,mj}, write ijj for the 
subspace of H°(X,Kx ® F ® E*) of sections which take values to 
order at least kj in the subspace 

Kxlxt ® Mf ® E*^ C (K x F ® E*)\ Xi 
at Xj. Now if we tensor the sequence of 0x- m odules 

o^g -^g ^0 

by 1C X ®£* and take cohomology, we find that 7 K x ®G0 #*)) 

is equal to 



7 (#°(X, if* ® G ® £*)) n p| fff C K X ®F® E*). 



We can describe this in another way. Note firstly that 

{sections of ATx ® F E* 
which take values in 
ATx ® G <g> E 1 * at x 

Then by the remark after Lemma[5]and by CorollaryE] (take M = G\ x 
and N = K(y)\ x ), we see that the space 7 (H°(X,K X ®G <g> E*) 
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corresponds to those sections of T —* PHom(i ? , E) which vanish along 
all of FK(j), that is, H° (PHom( J F, E), T - FK (7)). 

Next, write S'j (</>) for the subspace of i7 (PHom(.F, T) of sec- 
tions vanishing at (</>) and annihilated by operators of order at most 
kj^ + 1 and of type (*) with respect to FN^ at ((/)}. Recall that 

:= Ker (Rom(F, E)\ Xi -» Hom(M J W , . 
Thus by Corollary El we have 

W>)6P7vj l) 

Combining these facts, we find that 7 (H°(X, Kx <S> G <S> £"*)) cor- 
responds to 

/ \ 
/ 



#° (PHom(F, E), T - PK(7))n 



n n sfw 

;' = 0,...,mi \<0>ePJvj ,) 



y i = 1, . . . ,t J 

(9) 

Therefore, by Prop. the kernel of 

7* : H°(X, K X ®F® E*)* -» K X ®G® E*)* 

corresponds to the linear span of the union of 

• Ker (#°(PHom(F, E), T)* -> F° (PHom(F, £), T - FK (*/))*) , and 

• the union 

J Ker ^°(PHom(F,£?),T)* -> (sf (</>})*) . 

(0) e Pivj° 

j = 0, . . . , rrii 
i = l,...,t 

But by the discussion at the beginning of this proof (with 

Y = PHom(F, E), Z = FK (7) and L = T), 
the projectivisation of 
Ker (#°(PHom(F, £), T)* -> H° (PHom(F, E), T - FK ($))*) (10) 
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is exactly the linear span of¥K(j) in |T|*. Moreover, one checks using 
Prop. that 

Ker (F°(PHom(F,F),T)* -» (s^ (<A))*) (11) 

coincides with the space of differential operators at ((f)) of order up to 
k!p + 1 and of type (*) with respect to WN® (together with the form 
defined by evaluation at (0)). 

If we now projectivise, we find that PKer(7*) is the linear span of 
the following subvarieties of |T|*: 

• the projective subbundle ¥K(^f) of PHom(F, E), and 

• the union over all i = 1, . . . , t and j = 1, . . . , m$ and {(ft) € 
FN^ of the subspaces of Osc fc J W+1 (PHom(F, E), {</>)) defined by 
differential operators at (4>) of order at most kj + 1 and of type 
(*) with respect to PivR 

This is exactly N(*y), so we have proven Theorem HI □ 

3.4 The case where G is a line bundle 

If G has rank one, then we have a nicer description of the locus N{^f) 
using the notion of vertical osculating space introduced in §3.21 In this 
case the rank of 7 drops at a point if and only if 7 actually vanishes 
there. Suppose 7 vanishes at the points x\, . . . ,xt with multiplicities 
mi, . . . , m t respectively. Then at each of the points xi, . . . ,xt, the sub- 
space M (i) of F\ Xt is zero, and so Nq is the whole fibre Hom(i ? , E)\ Xi . 

Caution: According to the terminology we have used, 7 vanishes 
to order rrii at Xi if and only if it takes values to order mi — 1 in the 

(i) 

subspace Mq = at X{. 

In this situation, the locus N(^) becomes 

• The projective subbundle FKft) of Hom(i ? , E), which here is a 
bundle of projective spaces of dimension rk(-E) (rk(F) — 1) — 1, 
when this makes sense, and 

• The union over i = 1, . . . t and all ((f)) G PHom(i ? , E)\ x . of 
Osc mi-1 (PHom(F,.E) J (0)) and Osc mi (PHom(F, E)/X, (<£)). 

In §5, we will see a real-life example of this situation. 
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In general, ip may fail to be an embedding. However, we can still 
interpret the spaces ()10p and (jllH as in §2.21 if this failure is not too 
bad. In the next section we give some discussion which will show 
why we expect Theorem 2] to be true, and will allow us to interpret 
the failure of ip to be an embedding in terms of the behaviour of the 
extensions. 

4 The connection with principal parts 

Here we describe further the connection of principal parts with the 
situation of Theorem [H We begin by recalling a few technical results. 

Notation: Write K (X) for the function field of X. Then 

Rat(W) = Rat(E) © Rat(F) 

as -ftT(X)-vector spaces. For any K(X)-vector space A, we write A for 
the constant sheaf on X associated to A, by analogy with Hartshorne 
[4], p. 69. If (3 is a K(X)-lmear map Rat(-F) — > Hat(E), then we write 
for the graph of f3, which is a iT(A")-vector subspace of the direct 
sum Rat(.E) ffi Rat(F). 

4.1 Principal parts and extensions 

Lemma 8 Let 0^-E^-W^-F—fObean extension of vector 
bundles over X. 

(i) There exists a unique principal part p G Prin(Hom(i ? , E)) such 
that the sheaf of sections W is of the form 

W p : = {( e , /) G Rat(-E) Rat(F) : / is regular and e = p{f)} . 

(12) 

(ii) Two principal parts dehne isomorphic extensions if and only if 
they differ by the principal part (3 of some j3 G Rat(Hom(i ? , E)) 

(Hi) The cohomology class 5{W p ) is equal to \p\. 

(iv) The coboundary map in the long exact cohomology sequence of 
— > E — > W p — > F — > is given by cup product with [p] . 

Proof 

The whole lemma is proven in Kempf [9], Chap. 6 when £ and J- are 
invertible, and the same arguments work for parts (ii)-(iv) in the case 
of arbitrary rank. Part (i) is proven in [5], Lemma 3.1 for bundles of 
arbitrary rank. 
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Theorem 9 Let W be an extension of F by E, with class 5(W) = [p] 
for some p € Prin(Hom(i ? , E)). Then there is a bijection between 
Hom K (x)(R&t(F), Rat(L')) and 

{rank rp vector subbundles G CW with 

G\ x fl E\ x = for generic x 6 X} 

given by (3 <-> r^nW p =: Gp- Moreover, Gp is isomorphic to the kernel 
of (p-)9) : .T~ Prin^E). 

Proof 

See [6], Theorem 4 (i). 

Remark: This implies in particular that if p is any principal part 
defining the extension class 5{W) (see (J2J)), then 

rgnWp^Ker(p:f^ Prin(£)) 

lifts to a vector subbundle of W. (Note that if h°(X, Hom(F, E)) ^ 
then there may be many maps Ker(p) — » W.) 

More generally, we have 

Lemma 10 Let ^ F — > W — > F — > be an extension of vector 
bundles over X with class 5{W) = \p], and let 7 : G — > F be a vector 
bundle map which is a sheaf injection. Then 7 factorises via W if and 
only if 5(W) can be represented by 

q G Prin(Hom(F,F)) Hom 0x (F, Prm (E)) 

which is actually regular on j(G)- 
Proof 

Suppose that the map 7: G — > L 1 factorises via W. This means that 
there is a subsheaf G of W which projects surjectively to 7(£?) C JF. 
Consider the sheaf 

G ®o x Rai(Ox) C Rat (HQ. 

The global sections of this sheaf form a i^(X)-vector subspace II of 
Rat(W) = Rat(L') © Rat(-F) which has dimension equal to the rank 
of G and which intersects Rat(L7) trivially. 

Claim: There exists at least one -fT(JT)-vector subspace T of Rat(W) 
containing IT, intersecting Rat(F) in zero and of dimension equal to 
the rank of F. 
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Proof: If dim^on n = rk(F) then just take T = II. On the other 
hand, if dim^x) n < rk(i ? ) then the projection of II to Rat(F) is not 
surjective. Let Ai, . . . , A<f be elements of Rat(F) which do not belong 
to the image of this projection and which, together with this image, 
span Rat(F). Then the subspace of Rat(W) = Rat(E) Rat(F) 
spanned by II and (0, Ai), . . . , (0, A<f) satisfies the requirements. 

Now it is not hard to check that T = Tp for some K (X)-\inea.i map 
(3: Rat(F) -> Rat(E). Then T p n W is a subsheaf of W containing Q. 
By Theorem O the sheaf r^flW is isomorphic to 

Ker (p - /?: T -> Prin(-E)) . 

In particular, p — (3 is regular on "){Q). By this principal part also 
defines 5(W). 

Conversely, suppose 5(W) can be defined by a principal part q 
which is regular on 'yiQ). This is equivalent to saying that j(Q) belongs 
to Ker [q: T — > Yrmj E)). Now by the remark after Theorem[9l Ker(^) 
lifts to a vector subbundle of W. In particular, Q lifts to a subsheaf 
of W. □ 

4.2 Motivation for Theorem [4] 

Suppose for simplicity that 7 is actually a vector bundle injection. 
This means that G = G and 7 = 7, and N(~f) reduces to the image of 

VK(i) = PKer (7* : Hom(F, E) Hom(G, E)) 

by ip. Let W be an extension of F by E whose class belongs to the 
linear span of N(j). By the definition of ip, the class <5(W^) can be 
represented by a principal part q which is a sum of principal parts 
qi + • • • + qt where each q$ is supported at one point X{ with a simple 
pole along some <p € Hom(F, E)\ Xi such that 4>{j{G\ Xi )) = 0. Clearly 
q is regular on the subsheaf Q of T so, by Lemma [lOl the sheaf Q lifts 
to a subsheaf of W. 

When 7 is not a vector bundle injection, the calculations with this 
approach become much more complicated (see [7], Lemma 14 for an 
example), but we believe Lemma [10] and this example give further 
insight into why the lifting of subsheaves of J- is so closely connected 
with the geometry of the image of 
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4.3 If ^ is not an embedding 



Here we mention three ways in which if) can fail to be an embedding, 
and say what this means in terms of extensions. We refer to Lange- 
Narasimhan [12], especially sections 2 and 3, for related discussion. 
Our main tool is: 

Observation: Let W be an extension of F by E. By the definition 
of ip, Theorem [9] and the remark after it, 5(W) lies over ip{<j>) for some 
(fa € PHom(i ? , E)\ x if and only if W contains a vector subbundle G 
lifting from an elementary transformation of the form 

O^Q -+T -^0 

where p G Prin(Hom(i ? , E)) is supported at x with only a simple pole 
along (p. Note that T is of the form C® n , where 1 < n < rk(E). 

Now let x\ and X2 be distinct points of X, and let (fa) and (fa) be 
points of PHom(i ? , E)\ Xl and PHom(i ? , -E))^ respectively. For i = 1,2 
let be a Hom(F, i?)-valued principal part supported at xi with a 
simple pole along fa. 

(i) Suppose "0 is not defined at (fa). (This implies that t/j is not in- 
jective on the fibre PHom(i ? , E)\ Xl .) This means that [pi] = 0. By the 
observation, an extension W to which the elementary transformation 
Ker(pi) lifts must be a trivial extension. 

(ii) Next, suppose ip(fa) = ipifa)- By the observation, if ip is 
generically injective then most extensions whose classes belong to the 
image of ip will have just one subbundle of the form Ker(p) described 
in the observation^!. If S(W) = [pi] = \p?\ then W has two subbundles 
of this form, reflecting the geometric fact that ip{fa) = ipifa) is a 
double point of the image of if). 

(iii) Suppose the differential of i\) fails to be injective at (<^i). By 
the proof of Corollary there exists a principal part q with a double 
pole along fa, such that [q] = [pi]. (This q may also have simple 
poles in other directions.) By Lemma fTU| an extension W of class [q] 
contains a vector subbundle lifting from Ker(g). Then since [q] = \p\], 
by the remark after Theorem the subsheaf of sections of F with 
values in Ker(^i) at x, as described above, also lifts to a subbundle of 
W. This is a stronger statement, since Kei(q) is strictly contained in 
Ker(pi). 

3 Note, however, that if h°(X, Rom(F, E)) ^ then there may be many maps from 
Kci{ Pl ) -> W. 
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Remark: Given any map 7: G — > F, not necessarily a sheaf injec- 
tion, we can give a geometric interpretation of the cohomology map 
7*: ^(X^om^E)) -> fl' 1 (X,Hom(G,.E)) as follows. Let <5 be 
a class in H l {X, Hom(i ? , £7)), and suppose p G Prin(Hom(i ? , E)) is 
a principal part representing 5. Then 7*5 is represented by 7*p € 
Prin(Hom(G, E)). By the definition of ip and we have a commu- 
tative diagram 

PHom(F, E) P -*- - > PHom(G, E) 

1 

Y y 

PF 1 (X, Hom(F, £)) - P -V PiJ x (X, Hom(G, £)) 

(here we write P7* both for the rational map of projective bundles 
and the projectivisation of the cohomology map it induces). Since the 
image of ip is nondegenerate, the cohomology map 7* is determined 
up to scalar by its restriction to the image of ip. 



5 Generalised theta divisors 

In this section we use Theorem H] to generalise two well-known results 
on line bundles over curves to bundles of higher rank. Let X be a 
curve of genus g > 3. We assume for simplicity that X is nonhyper- 
elliptic, so that <\>k x '■ X > is an embedding. We denote J s_1 

the Jacobian variety parametrising line bundles of degree g — 1 over X, 
and we write for the natural divisor on J 9 ~ l whose support consists 
of bundles with sections. 

Let L — ► X be a line bundle of degree g — 1 with h°(X, L) = n > 1. 
Recall the geometric Riemann-Roch theorem: 

Theorem 11 Let D be any divisor in \L\, and write d for the dimen- 
sion of the projective linear span of the points of D on the canonical 
curve (j>K x (X) C Then 

h°(X,L) = g - 1 - d = codim(Span((j) Kx (D)),\Kx\*). 

Proof 

See Griffiths-Harris [3], chapter 2. 

Furthermore, by the Riemann singularity theorem, L is a point of 
multiplicity n in 0. Recall that the projectivised tangent space to 
J 9 ^ 1 at L is isomorphic to The Riemann-Kempf singularity 

theorem gives us in particular a geometric description of the projec- 
tivised tangent cone to at L: 
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Theorem 12 The projectivised tangent cone to at the point L is 
the union of the projective (g — 1 — n)-planes spanned by the images 
by 4>K X of all the effective divisors in \L\. 

Proof 

See Griffiths-Harris [3], chapter 2. (In fact the theorem applies to the 
loci of bundles with sections in each of the Jacobian varieties J d , for 
< d< g- 1.) 

We would like to generalise these results to bundles of rank r and 
degree r(g — 1). 

5.1 A generalisation of the Riemann— Kempf 
singularity theorem 

We begin by describing the objects which will replace J 9 ~ 1 and 0. 
We recall some facts from Laszlo [14]: 

Let U := U(r,r(g — 1)) be the moduli space of semistable vector 
bundles of rank r and degree r(g — 1). This is a projective irreducible 
normal variety of dimension r 2 (g — 1) + 1. It has a distinguished 
divisor A, whose support consists of bundles admitting at least one 
independent section; this coincides with if r = 1. Let E G U be a 
stable vector bundle of rank r and degree r(g — 1). As in [14] (see also 
Narasimhan-Ramanan [17] and Pauly [21]), we can find an etale affine 
neighbourhood S = Spec(A) of E in U and a family of stable vector 
bundles E over SxX such that for each F € S, we have E|{ F } xX = F, 
together with a homomorphism /j, : M — > iV of flat A- modules of finite 
type such that for all A-modules P, by functoriality, 

H°(S x!,E (E>a P) — Ker (fi <g> Id P ) 

and H 1 ^ x X,E® A P) ^ Coker (// <g> Id P ) . 

Moreover, shrinking S, we can suppose that M and ./V are free A- 
modules and [i\e is the zero homomorphism. The divisor A|s is given 
by the vanishing of det( / u). Laszlo has given the following generalisa- 
tion of the Riemann singularity theorem: 

Theorem 13 The multiplicity of A at E is equal to h°(X, E). 
Proof 

See Laszlo [14], Theoreme 11.10. 



25 



Now we suppose that h°(X,E) =: n > 1, so E e Supp(A). Let 
s be a nonzero section of E. We regard s as a vector bundle map 
Ox —* E. Clearly it is a sheaf injection. We define the locus N(s) in 
¥H 1 (X, End(i?)) as in $3l Note that this is an example of the special 
case treated in §3.41 

The map s factorises Ox —> Ox — ► E where Ox is the vector 
subbundle of E generated by s(Ox)- Since Ox has rank 1, the bundle 
Ox must be of the form Ox(D) for some divisor 

t 

D = Y J k {i) x i 

i=l 

on X. (If rk(E) > 2 then we expect D to be zero for most s.) The 
saturated map s: Ox(D) —* E is a vector bundle injection, so the 
restriction map 

s* : End(£) -> Hom(O x (£>), E) = E(-D) 

has a kernel which is a vector subbundle K(s) of End(-E), of rank 
r(r — 1). At each ccj, the subspace Mq C E\ Xi is zero and = 
End(E) \ Xi . If i/j is an embedding, then by the discussion in Q3A\ the lo- 
cus -/V(s) is the union of the following subvarieties of Pi7 1 (X, End(-E)): 

• the projective bundle ¥K(s), and 

• the union over all i G {1, . . . , t} and (<j>) € PEnd(i^)| x ^ of 

Osc fe(i) - 1 (PEnd( J B),((^)) and Osc fcW (PEnd( J B)/X, {4>)) . 

If if) does not fail too badly to be an embedding, we describe the de- 
generation of this locus geometrically as in H2.2I 

Now recall that the tangent space TeU to IA at a smooth point E 
is isomorphic to H l (X, End(i?)). 

Theorem 14 (Generalised Riemann-Kempf 'singularity theorem) Let 
E G U be a stable bundle with h°(X,E) = n > 1. The projectivised 
tangent cone to A at E is, set-theoretically, the union of the projective 
linear spans of the varieties 

N(s) C Pi^ 1 (X,End( J E)) = FT E U 

over all sections s of E. 
Proof 

Let A, S = Spec(A), M and iV be as above and write m for the 
maximal ideal of the point E in A. By Narasimhan-Seshadri [19], 
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Lemma 2.1 (ii), near E the variety U looks like an analytic open set in 
H 1 ^, End(-E)). Thus we have flat structures on U at E to all orders 
(see Kempf [10]). 

By Theorem 1 13} the function det(^t) belongs to m n \m n+1 . There- 
fore, the tangent cone in which we are interested is defined by 

det(//) mod m n+1 , 

where we regard this as a function on TeU via the flat structure. We 
then notice, following Laszlo [14], section II, that 

det(^) mod m n+1 = det (/i mod to 2 ) mod m n+1 

so in fact we can just study /x mod to 2 . As in [14], we will interpret 
this in terms of cup products. 

Since /jl\e is zero, fi mod to 2 is a matrix of elements of m/m 2 . 
Therefore, we can contract it with an element v of 

(m/m 2 )* = T E S T E U H\X, End(E)) 

to obtain a matrix of scalars (/imod ra 2 )(t)). By [14], Lemme II. 5, 
(/j, mod m 2 )(v) can be identified with the cup product map 

■Ub: H°(X,E) -► H l (X,E). 

Therefore PCone(A,£J) coincides with 

F{v G H X {X, End(E)) : det(- U«) = 0}, 

in other words, the image of the set of v such that the linear map • U v 
has a kernel. 

Now we use the link with extensions. The space iJ 1 (X, End(-E)) 
parametrises extensions 0— > E ^ ~E V — > E 0. By Lemma [8] (iv), 
the coboundary map in the cohomology sequence 

-» H°(X,E) -» H°(X, E v ) -» H°(X,E) -> H l (X, E) -»• ••■ 

is none other than cup product by v. But this shows that • U t> has a 
kernel if and only if a nonzero section of -E lifts to the extension E„. 
Thus, we have another, set-theoretic, description of the tangent cone 
as the set of v defining extensions E„ to which at least one nonzero 
section of E lifts. We may rephrase this as 

P ( |J {v G H 1 (X, End(E)) : s lifts to the extension E„} J . 

\s£H°(X,E) ) 
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But by Theorem HI for each s € H°(X, E), the locus 

F{v £ i^p^End^)) : s lifts to the extension E„} 

coincides with the linear span of N(s). Thus PCone(A, E) is the union 
of the linear spans of all the N(s). □ 

Remark: Our first description of the tangent cone can also be ex- 
plained in terms of deformations of E (compare with Mukai [15], proof 
of Prop. 2.6). Recall that a tangent vector to S at E is a morphism 
Spec(C[e]) — > S which sends the closed point (e) to E. Such a mor- 
phism is determined by a ring homomorphism v: A —* C[e] satisfying 
v^ 1 (e) = m. We then obtain a deformation of E by pulling back the 
family E to Spec(C[e]). In particular, we get a short exact sequence 

-> £ ® A (e) -> 5 ®a C[e] -^f^C^O, 

which naturally yields an extension of i£ by E. With this interpre- 
tation, one expects the tangent cone to A at E to correspond to de- 
formations of E which have sections that are not zero modulo e, that 
is, lifting from the quotient copy of E. But these are exactly those 
defined by classes v such that cup product by v has a kernel. 

5.2 A generalisation of the geometric Riemann— 
Roch theorem 

Next, we use these ideas to give a generalisation of the geometric 
Riemann-Roch theorem to bundles of higher rank. 

Theorem 15 Let E — > X be a vector bundle of rank r and degree 
r(g - 1) with h°(X, E) > 1. Then we have 

h°(X,E) = codim (Span(iV(s)),P J H" 1 (X, End(E))) 

for any nonzero section s of E. 

Proof 

For any nonzero section s : Ox —> E, the induced map 

s*: H 1 (X,Bad(E!)) -» H l (X,E) 
is surjective, for example since it is Serre dual to the inclusion 

H°(X, K x ®Ox® E*) ^ H°{X, K X ®E® E*). 
Therefore dim(Ker(s*)) = h l {X, End(,B)) - h\X,E). Thus 

dim(Span(iV(s)) = ^(^End^)) - ^{X^E) - 1 



28 



by TheoremU Since x{ E ) = 0, w e have h x {X,E) = h°(X,E), so 

h°(X,E) = (V(X,End(£)) - 1) -dimSpan(iV(s)) 
= codim(Span(iV(s)),Pi7 1 (X,End(E))) , 

as required. □ 

Remark: Theorem [15] is true even if E is not semistable. 

5.3 The line bundle case 

Suppose X is nonhyper elliptic and let L — > X be a line bundle of 
degree g — 1. Then End(L) = Ox> the projective bundle PEnd(L) is 
simply X and -0 = <^_ft: x is an embedding. Suppose h°(X,L) = n > 1, 
and let s be a nonzero section of L with divisor of zeroes X^i=i m ^Xi- 
Then in fact Ox = £ and the kernel K (s) of the restriction map 

s* : End(L) = O x -> Hom(0^, L) = O x 

is zero. Thus FK(s) disappears. Moreover, since it: PEnd(L) — > 
X is the identity map, the vertical tangent bundle is zero, so the 
vertical osculating spaces Osc fc (PEnd(L)/X, (0)) vanish. Thus, by 
the discussion in §3.41 the locus N(s) consists of 

t 

IJOsc^- 1 ^^),^^)), 
i=i 

which is the span of the divisor (s) in the usual sense. 

With these observations, we recover the Riemann-Kempf singular- 
ity theorem and the geometric Riemann-Roch theorem for line bundles 
of degree g — 1 from Theorems and [15j 

6 Future work 

The map ip: PEnd(E) — > FH^X, End(E)) 

One important open question is whether ip is still an embedding (or 
even a morphism) for a general bundle of rank r > 2 when X is 
nonhyperelliptic. If one could find a single bundle E such that this 
were the case, then we would have a complete locus of dimension at 
least g in U not intersecting the "bad" locus, since End(£' <8> M) = 
End(-E) for all line bundles M of degree 0. Unfortunately, up to now 
we have been unable to find such a bundle of rank greater than 2. 
This situation will be studied further in the future. 
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If 7 is not a sheaf injection 

Although the hypothesis that 7 be a sheaf injection was satisfied in 
the situation we considered in §51 in many interesting cases it may not 
be. For example, given a vector bundle diagram 

>E > W >■ F ^0 (13) 

A A 
k I 

>■ G >■ V *H ^0 

with exact rows, it would be useful to know when there is a bundle 
homomorphism V — > W making this commutative. It can be shown 
that this is equivalent to 

kJ(V) = 1*5{W) G fl" 1 (JT,Hom(fl',S)). 

One would expect there to be a geometric criterion for this, general- 
ising the one in Theorem 01 perhaps given in terms of subvarieties of 
F {H X {X, Hom(F, E)) x H X {X, Hom(ff, G))) . This will be a subject 
of future work. 

Symplectic and orthogonal extensions 

Let E — > X be any vector bundle. The space H l (X,Rom(E* , E)) 
splits canonically as Sym 2 £') 0i? 1 (X, /\ 2 E). In [6], it is shown 

that the extensions in the first summand carry a natural symplectic 
structure, and those in the second an orthogonal one. The geometry 
of this situation can be viewed in another way: for example, there is 
an isomorphism 

H^X^yu^E) (FE,ir*K x ®0 PE (2)y 

similar to that H l {X, V) ^ #°(PHom(F, E), T) described in §21 We 
would like to investigate further the geometry of these special types 
of extensions. 
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